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1 Introduction
This supplemental document presents the detailed formulation of the case studies pre-
sented in Section 5 the paper "Manufacturability Constraint Formulation for Design
Under Hybrid Additive-Subtractive Manufacturing". The problem formulation and re-
sults sections of each case study are reproduced exactly from the main manuscript in
order to ensure continuity. The two appendices (S1 and S2) contain detailed informa-
tion referred to in the main body of this supplemental document. Red text refers to
figures or tables in the main manuscript which were not reproduced in this supplemental
document.
2 Case Study 1: Design of CNC Tool Shuttle Frame
The first study examined here is the design of the frame on a CNC machine tool shuttle
(Fig. 1a). Such carts are often used in manufacturing systems to shuttle tools around
to various CNC machines during processing; this way, expensive or specialized tools
could be shared among several machines and mid-process tool replacements are easier
to automate.
Figure 1: Case study 1 (a) configuration, (b) design variables, and (c) loading and
free-body diagrams
2.1 Problem Definition
The specific tool shuttle in question is designed to carry three tools at once, up to 3.5
kg of mass each, along a linear rail via grooved track rollers; these rollers allow the
cart to be tight and secure, while also allowing curves in the track. Figure 1b shows
the dimensions of a sample design that has not been optimized; Figure 1c shows its
mechanical configuration and free-body diagram. The cart must be able to carry the
three tools, as well as support the tool holder, a total weight of about 100 N distributed
evenly along the cart; applying a reasonable 1.50 factor of safety, the design force
should be 150 N. The main frame is to be made from ABS plastic and manufactured
via a hybrid AM-SM process. The specified concerns of the user are the mass and
stability of the carriage, and potential cracking of the plastic frame. To these ends, the
designer concluded that the design should minimize mass as much as possible, while also
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maintaining sufficiently low bending stress to avoid degrading or fracturing the plastic
during use. To ensure stability, a minimum web thickness x8 was set at one third of the
upper deck thickness, x7/3. This is a constraint related to the use environment, not
the manufacturing conditions. In addition, it is a simplified constraint formulation, and
could be replaced with a higher-fidelity physics-based constraint. The mass reduction
objective was specified to be ten times as important as the stress objective, so long as the
stress remains under yielding. An alternative approach would be to quantify the tradeoff
between mass and stress objectives using a multi-objective optimization approach. The
cart has several other design constraints that arise from the configuration of the CNC
machines it will service:
1. The upper deck must retain its basic shape to interface with the tool rack, but
the thickness x9 can be modified.
2. The lower deck must retain its basic shape, but thickness x2 can be modified.
3. The overall height and length of the frame must be retained
4. The upper and lower surfaces of each deck must be parallel
5. The overall part must be symmetric to ensure balance
2.2 Manufacturing and Optimization Problems
The use of the hybrid AM-SM process to manufacture this frame allowed a two-step
sequential optimization problem, using not only shape optimization over the design
variables, but topology optimization as well. The hybrid process allowed for different
regions of the part be optimized differently, as the part could be manufactured using
both AM and SM processes in different part regions. This concept was particularly
applicable to this design, as large areas of the frame needed to be flat and smooth,
while others could be more free-form in shape.
2.3 Manufacturing Considerations
In this type of problem, AM is enables fabrication of regions with complex topology,
while the shape-optimized regions could be manufactured using subtractive processes.
Due to cost and production time, it is usually best to avoid additive processes for simple
geometries, such as the decks in this part; subtractive processing will be needed to bring
the part to the surface finish requirements, so using it for manufacturing increases the
efficiency of the process. The marriage of the two in this hybrid process also allows
the hybridization of the shape and topology optimization problems to fit the intended
manufacturing processes.
2.4 Manufacturing Constraints
With the list of manufacturing considerations completed, these were converted into
manufacturing constraints, shown in the central column of Fig. 9 in the main paper
and is shown in detail in Appendix S1. There were eight AM- and three SM-specific
considerations, as well as one that is common to them both. As a reminder, these
constraints are those imposed on the use of the manufacturing processes by the nature
of the manufacturing considerations. They are not design constraints, but will serve as
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the basis for the formulation of the manufacturability optimization constraints (third
column).
2.5 Manufacturability Constraints
From the mechanics and limitations of the manufacturing processes, the design-related
manufacturability constraints can be derived, as shown in the right column of Fig. 9 in
the main paper and in Appendix S1. The listed constraints are the final set, with the
dominated and inactive constraints eliminated. The problem is also subject to a set of
general part manufacturability constraints, in addition to those on the specific design
variables, as summarized in Fig. 10 in the main paper.
2.6 Solution Method
As stated in the problem definition, the goal of the problem is to simultaneously minimize
bending stress σ(x) in the frame and the mass m(x) of the frame. It is subject to five
performance-related constraints and twelve sets of manufacturing-related constraints,
as discussed in the previous sections. The problem is a sequential shape-topology
optimization problem; the formulation is shown in Fig. 2. As previously described, this
formulation is necessary since the entire frame must be optimized, but only a portion
can consist of free-form design. The constraints g(x) and h(x) for each problem are
those given in the problem statement and the manufacturability constraints. It should
be acknowledged that solutions to this sequential method will likely be different from
a simultaneous approach. The sequential method supports easier solution and maps
intuitively to the hybrid process, but may be sub-optimal. A simultaneous approach may
require a fundamentally different design representation and other formulation elements,
and may be very difficult to solve. Comparison of sequential and simultaneous methods
for hybrid manufacturing is outside the scope of this article.
Figure 2: Design problem formulation for case study 1
2.7 Solution and Results
After formalizing the objective function in terms of the design variables, x = [x1, x2, x3, ..., x12],
the composite objective function is:
f(x) = σ(x) + 10m(x) (1)
where each objective component was normalized to make it dimensionless. Objective
function weights may be varied to generate sets of non-dominated solutions to the
multi-objective problem.
The full equations are too long to reproduce here; the full derivation and equations
can be found in Appendix S2, as well as in the attached Matlab codes. A shape
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optimization was performed in Matlab using the fmincon routine with the interior-
point algorithm. The initial and final values are shown in Table 1; fixed input values
[x1, x7, x11, x12] are not shown here. The initial mass and stress values were calcu-
lated using finite element analysis. Note that all the variables converged on the lower
constraint bounds, which is logical for a problem that reduces mass and stress. As a
feasibility check, the problem was also solved as an unconstrained problem and produced
a non-trivial solution; the constraints were violated when they were removed, showing
that all the manufacturability constraints are active.
Table 1: Shape optimization results
Variable x0 x† Variable x0 x†
x2 10.0 4.0 x6 8.0 4.0
x3 8.0 4.0 x8 30.0 40.0
x4 8.0 4.0 x9 10.0 4.0
x5 6.0 4.0 x10 60.0 72.0
f(x) 5.9503 3.5519
exitflag 1 feval 529
Figure 3: TO stress-mass curves for the (a) original and (b) SO-TO designs
The shape optimization results x† were then used as the initial points for the topology
optimization problem. The TO problem was solved using Pareto (Sciartsoft Inc.).
Only the web and chamfers of the frame were considered during topology optimization,
as previously described; surfaces subjected to SM were retained before being analyzed
by Pareto. The stress-mass-fraction Pareto curve was generated for the TO problem
Fig. 3a, which was used to select the final volume fraction used to generate the optimal
design. The final selected volume fraction is marked on the figure. Note that, for a
full-density material, volume fraction is directly convertible to part mass. The lowest
mass with a stress under the yield stress of the material and which produced a feasible
TO solution was considered to be the best solution. The best calculated volume fraction
was 0.49 for the SO-TO problem and 0.45 for the TO-only problem.
The TO problem was also repeated using the initial point (eliminating the shape
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Table 2: Shape optimization results
Case Mass (kg) Max Stress (MPa) f(x)
Initial 0.5890 0.0603 5.9503
SO only 0.3244 0.6158 3.8599
TO only 0.3593 0.3544 3.9473
SO-TO 0.1752 1.1101 2.8621
Figure 4: Case study 1 results
optimization step) to see the effect on the TO problem Fig. 3b. Unfortunately, the
design corresponding to the lowest calculated mass volume fraction could not produce
feasible stl files for either case; since the design must be manufacturable, the best
feasible case was taken as the best solution (0.54 and 0.61). A comparison of the mass-
stress values for the original design, the shape optimization results, the hybrid problem,
and the TO problem are shown in Table 2. Clearly, the hybrid problem, with shape
optimization and then TO, produced the best overall feasible design, even though all
are manufacturable. Figure 4 shows the geometries for these and the final manufactured
frame.
For the FEA and analysis, the yield stress for 3-D printed ABS is assumed to be 29
MPa. The yield stress value was not used as a constraint, but as an input into the finite
element problem for the topology optimization.
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3 Case Study 2: Design of Pulley with Brake
The second case study examined a V-belt drive pulley for an electric generator illustrated
in Fig. 5a. The configuration was a standard two-belt drive pulley, with the addition
of a radial encoder to track its rotation and a pneumatic emergency brake. The pulley
is mounted on a frame, also containing the brake and encoder, and connected to the
generator via a drive shaft.
Figure 5: Case study 2 (a) configuration, (b) dimensions, and (c) free-body diagram
3.1 Problem Definition
The generator pulley being designed in this case study is subjected to a torque load
during operation, a load that could peak as high as 50 N-m during ramp-up and ramp-
down. If the pulley is subjected to a shock load or the emergency brake is engaged, it is
designed to break, while being retained by the pulley support bracket; a factor of safety
is not needed. The pulley must be made from ABS plastic and will be fabricated using
a hybrid AM-SM manufacturing process. The customer needs the mass to be reduced
as much as possible, while also reducing the compliance of the pulley; the reduction of
mass is the most vital requirement and is a factor of five more heavily weighted than
reducing compliance, as long as the compliance remains under 1.0 N-m.
3.2 Manufacturing and Optimization Problem
The approach in this problem is identical with that of Case Study 1, except in this design
problem, the region on the edge (interfacing with the brake and the encoder), the drive
shaft, and belt groves for the pulley are fixed and cannot be optimized. Therefore,
only the web is subject to improvement. This can be done with a single TO problem,
retaining the fixed surfaces.
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3.3 Manufacturing Considerations
The frame was manufactured using a combination of fused deposition modeling and
turning/facing/boring on a lathe, where the basic form of the frame was manufactured
using the AM process and the interfaces and decks were cut to the proper size using
the SM process. The manufacturing considerations are the same as those given in Fig.
9 in the main paper, with the exception of those for the milling process. The additional
manufacturing consideration from the lathe are shown in Fig. 9 in the main paper. Note
that Figs. 9 and 15 in the main paper should be used jointly in examining this problem,
which will be subjected to the same nine AM-based manufacturing considerations.
3.4 Manufacturing Constraints
The manufacturing constraints, which are distinct from those shown in Fig. 9 in the
main paper, are listed in the central column of Fig. 15 in the main paper. This list
should be used in conjunction with the list of constraints shown in Fig. 9 in the main
paper.
3.5 Manufacturability Constraints
This problem is subject to the first three manufacturability constraints shown in Fig. 9
in the main paper, as well that those shown in Fig. 10 in the main paper. There are
three additional manufacturability constraints, due to the mechanics of the lathe-based
processes. These are shown in the third column of Fig. 15 in the main paper.
3.6 Solution Method
As described previously, a shape optimization is not necessary for this problem due
to the fixed nature of the areas which will be subjected to SM. The objective of the
optimization is to reduce mass m(x) while also minimizing compliance c(x); the mass
objective is more important when the compliance does not exceed the threshold given
in the problem statement. Otherwise, the setup and formulation of the study is the
same as described in Case Study 1.
3.7 Solution and Results
The objective function for this problem, based in the stated requirements for the prob-
lem, is:
f(x) = c(x) + 5m(x) (2)
where c(x) is a compliance metric and m(x) is the mass of the pulley. The terms were
normalized to make them dimensionless. The topology optimization problem was solved
using Pareto, similarl to Case Study 1. Two points were taken from the compliance-
mass curve, one at the lowest mass which produced a feasible stl file, and one that
balanced the mass and compliance. These are shown in Fig. 6. Table 3 and Fig. 7 show
the results of this study, including both the calculated designs and the manufactured
final parts.
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Table 3: Topology optimization results
Case Mass(kg) Compliance(Nm) f(x)
Original design 0.262 0.298 1.608
Balanced 0.218 0.338 1.428
Min Mass 0.180 0.473 1.373
Figure 6: Compliance-mass curve for case study 2
Figure 7: Results for case study 2
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Appendix S2: Case Study 1 SO Objective Function
Derivation
Calculating beam stress: Stress in a bending beam under a uniformly distributed load
is given by
σ(s) = W2Slv(l − v) (3)
whereW signifies the total load (N), l is the length of the beam from support to support
(mm), v is the position of the stress measurement (mm), and S is the section modulus
(mm3), which is a function of design variables for the design at hand. Simplifying,
assuming a uniform cross-section and center stress measurement:
σ(x) = Md
I
(4)
where I is the moment of inertia (mm4), d is the distance form the neutral axis to the
edge of the beam cross section (mm), and M is the total bending moment imposed.
A is the area of each section. Note that, since the chamfers are symmetric, each pair
of chamfers can be approximated as a single rectangle for the purposes of finding the
moment of inertia.
The neutral axis is calculated as:
yn =
∑
Aiyi∑
Ai
(5)
where the values are shown in the following table (note that some of the values of I
include the fixed values specified in the problem statement and therefore do have the
correct units of mm4).
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